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ERRATUM: ON THE TORSION OF CHOW GROUPS OF
TWISTED SPIN-FLAGS
SANGHOON BAEK, KIRILL ZAINOULLINE, AND CHANGLONG ZHONG
1. List of mistakes and missprints
(1) In [2, Example 4.4], for type Bn, {q2i}
n
i=1 is a set of basic polynomial
invariants over Q only (not over Z[ 12 ]). Similarly, for type Dn, {q2i}
n−1
i=1 ∪
{pn} is a set of basic polynomial invariants over Q only.
(2) Let K denote the ideal generated by {q2i}
n
i=1 (or {q2i}
n−1
i=1 ∪ {pn}) over Z,
then K ( IWa . In [2, Proposition 4.5] I
W
a has to be replaced by K.
(3) Let τ ′d denote the smallest positive integer N such that N ·K
(d) ⊂ φ(d)(IWm ).
In [2, Proposition 5.8] τd has to be replaced by τ
′
d.
(4) There is a gap in the proof of [2, Lemma 4.6], hence, so is in Proposition
4.7 in loc.it..
2. Corrections
To correct our arguments instead of {q2i} we use another set of generators {ti}
(see below), which at the end simplifies our proofs and provides even a better upper
bound for the torsion of the Chow groups, hence, improving our results.
Let ti = si(e
2
1, . . . , e
2
n) denote the i-th elementary symmetric polynomial in e
2
j .
Then [2, Example 4.4] has to be replaced by
2.1. Example. [3, Lemma 8.3] For the type Bn (n ≥ 3) we have
S∗(Λ)W ⊗ Z[ 12 ] = Z[
1
2 ][t1, ..., tn],
and for the type Dn (n ≥ 4) we have
S∗(Λ)W ⊗ Z[ 12 ] = Z[
1
2 ][t1, ..., tn−1, pn], where pn = e1 · · · en.
Let K be the ideal generated by t1, . . . , tn over Z (resp. t1, . . . , tn−1, pn) if D
is of type Bn (resp. Dn). Then [2, Lemma 3.1, Corollaries 3.3 and 3.4] has to be
replaced by
2.2. Lemma. Suppose we have a root system of type Bn (resp. Dn) and d ≥ 2 (resp.
n > d ≥ 2). Assume that d0 = min{2n, d}. Consider a homogeneous polynomial
P =
∑[d0/2]
i=1 fd−2iti of degree d with integer coefficients.
If M | P , then there exist fˆd−2i, i = 1, . . . , [d0/2] such that
[d0/2]∑
i=1
fˆd−2iti = P and M | fˆd−2i.
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Proof. For each i we express fd−2i as a linear combination
fd−2i =
∑
δ
eδf δd−2i,
where δ = (δ1, . . . , δn) with δi = 0, 1, e
δ =
∏n
i=1 e
δi
i and f
δ
d−2i is a linear combi-
nation of even monomials e2i11 e
2i2
2 . . . e
2in
n only. Denote |δ| =
∑
δj , d
δ = d−|δ|2 and
dδ0 = min{d
δ, n} ≤ [d0/2]. Collecting the terms with e
δ we obtain
P =
∑
δ
eδ
dδ0∑
i=1
f δd−2iti ≡ 0 mod M.
This implies that M |
∑dδ0
i=1 f
δ
d−2iti for each δ. We apply [2, Lemma 3.1] to the
polynomial Pδ =
∑dδ0
i=1 f
δ
d−2iti viewed as a polynomial in variables e
2
j of degree d
δ.
We obtain polynomials fˆ δd−2i divisible by M and
∑dδ0
i=1 f
δ
d−2iti =
∑dδ0
i=1 fˆ
δ
d−2iti.
We then set
fˆd−2i =
∑
δ
eδfˆ δd−2i,
and the proof is finished. 
[2, Prop. 4.5 and 4.7] have to be replaced by
2.3. Proposition. Let D = Bn (resp. Dn) and d ≥ 2 (resp. n > d ≥ 2). Then
2d · (ker ca)
(d) ⊂ K ⊂ IWa .
Proof. Let d0 = min{d, 2n}. By Example 2.1, (ker ca) ⊗ Z[
1
2 ] = I
W
a ⊗ Z[
1
2 ] is
generated by ti, i = 1, ..., n, given a polynomial f ∈ (ker ca)
(d), we can write it as
2rf =
[d0/2]∑
i=1
fd−2iti ∈ I
W
a , for some fd−2i ∈ Z[ω1, ..., ωn] and r ≥ 0.
Suppose r is the smallest such integer. To finish the proof it suffices to show that
r ≤ d.
Assume the contrary, i.e. that r ≥ d + 1. Expressing ωj ’s in terms of ej’s, we
obtain f = 1
2d
f˜ and fd−2i =
1
2d−2i
f˜d−2i for some f˜ , f˜d−2i ∈ Z[e1, ..., en]. So that
2r · f˜ =
[d0/2]∑
i=1
(22if˜d−2i) · ti.
By Corollary 2.2, there exists h˜d−2i ∈ Z[e1, ..., en] divisible by 2
d+1 such that 2r ·
f˜ =
∑[d0/2]
i=1 h˜d−2iti. Expressing ej ’s in terms of ωj ’s back, we obtain 2
d2r · f =∑[d0/2]
i=1 h˜d−2iti, which implies
2r−1f =
[d0/2]∑
i=1
1
2d+1 h˜d−2i · ti.
Since h˜d−2i are divisible by 2
d+1, we have 12d+1 h˜d−2i ∈ Z[ω1, ..., ωn]. This contra-
dicts to the minimality assumption on r. 
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2.4. Remark. There is a typo in the proof of [1, Lemma 6.4], i.e., the congruence
relations in the proof should be
ai ≡ aj ≡ −d, aij − ai ≡ aij − aj ≡ 2d, ai − aij + aj ≡ −3d.
One can use Proposition 2.3 above to get an upper bound of the index in degree 4.
If we modify the definition of the d-th exponent τd in [1, Definition 2.1] as follows
2.5. Definition. For type Bn and type Dn, the d-th exponent of a root system
(denoted by τd) is the g.c.d. of all nonnegative integers Nd satisfying
Nd · K
(d) ⊆ φ(d)(IWm ),
where K(d) = (K ∩ Ida )/(K ∩ I
d+1
a ).
we see that the proof of [2, Proposition 5.8] indeed implies that τd|2 for all
d ≤ 2d − 1 (resp. d ≤ 2d − 3) if D is of type Bn (resp. Dn). Then following the
proof of [2, Theorem 6.2] we obtain that
2.6. Theorem. The integer (i− 1)! · 2i+1 annihilates the torsion of γ(i)(G/B), and
(d− 1)!
∏d
i=2(i − 1)! · 2
i+1 annihilates the torsion of CHd(ξ(G/B)).
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